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ABSTRACT

Detailed measurements of wall pressure fluctuations
have been made in the intermittent region of a flat plate
boundary layer. Digital sampling and processing techniques
were used. The properties of these pressure fluctuations were
found to be similar to the previous measurements made in the
fully turbulent region. The measurements were repeated with
a single two dimensional surface roughness on the plate. The
only changes in the results were a decrease in the transition

6 and an increase in

Reynolds number from 2 x 106 to 1.2 x 10
the decay rate of the longitudinal cross-spectral density
magnitude by a factor of about 1.5. Emmons' analytical model
of the burst rate in the transition region was found to be
inaccurate. His model treats the sources of the turbulent
spots as independent random events with prescribed probability
density functions. Both a delta function and a constant

were used as the source density functions and in each case

the burst rate was about two times higher than the present

measurements.
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NOMENCLATURE

local skin friction coefficient (Tw/l/2pUm2) for
laminar flow

skin friction measured
skin friction for turbulent flow

diameter of microphone pinhole or distance of
(x=x,) tana

expected value

experimental frequency (cycles per second)

frequency of FFT

turbulent burst frequency

non-dimensional turbulent burst frequency

source rate probability function at point P on plate

Heaviside function, H=0 if x<0, H=1l if x>0,
H=1/2 if x=0

two dimensional roughness height

line source rate
pressure signal
finite Fourier transform of p(t)

Fourier transforms of p(t) and g(t) approximated by
an FFT (at frequency fj)

total head, 1/2 prz
microphone separation vector distance
lateral microphone separation
streamwise microphone separation

retrograde cone region
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truncated cone region
Revnolds number based on x, Ux/v
autocorrelation of p(t)

cross-correlation of pressures at points separated by
r

time

turbulent burst duration at point P on plate
mean streamwise velocity

convection velocity of pressure field

growth velocity of turbulent bursts

leading edge velocity of bursts

trailing edge velocity of bursts

free stream velocity

streamwise and vertical coordinates on plate
reduced x coordinate,(x-xe/A}:T

transition point

transition length, x| - %1

vy=0.99 vy=0.01

complex Fourier transform of z(t), approximated by
a complex FFT

burst spread half angle

intermittency

boundary layer thickness

local laminar boundary layer displacement thickness
Measured displacement thickness

local turbulent displacement thickness

integration variable
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cross-spectral density phase
measured boundary layer momentum thickness
fluid kinematic viscosity
fluid density
u_u

turbulent spot convection parameter, ﬁ—ﬁg tana
L7t

local turbulent wall shear stress
pressure spectral density

spectral density approximated by an FFT (at
frequency fj)

average of approximate spectral densities

cross-spectral density of pressure signals separated
by r

cross-spectral density approximated by a complex
FFT (at frequency fj)

circular frequency

temporal average

!
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1. INTRODUCTION

Wall pressure fluctuations in the turbulent boundary
layer have long been recognized as important sources of vib-
ration of marine and aircraft structures. In marine applica-
tions, the effect of turbulence on sonar structures is of
considerable importance. It is well known that the turbulent
boundary layer is a major source of sonar self-noise.
Boundary layer flows have received much attention in the
past and an excellent list of publications may be found in
White [1]. Two works that are of interest in this study are
those by Blake [2] and DeMetz and Casarella [3]. Blake
presented a thorough experimental study of the wall pressure
fluctuations in fully turbulent, flat plate boundary layers.
The statistics he measured are of great value in the design of
structures exposed to turbulent flows. DeMetz and Casarella

investigated the intermittent portion of a flat plate boundary

layer. They presented many details of the intermittent region

but did not measure any spatial statistics. The properties of the

intermittent region are important because it may cover most of a

small structure and cause an appreciable amount of excitation.
This report presents the results of an experimental

study of the wall pressure fluctuations in the intermittent

region of transition to turbulent flow on a flat plate.

The study is similar to the one of DeMetz and Casarella [3]
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but includes measurements of spatial statistics (cross-
spectral densities). Experiments weré done in the low noise,
low turbulence acoustic wind tunnel in the Acoustics and
Vibration Laboratory at the Massachusetts Institute of
Technology. Two phase-matched condenser microphones with
pinhole caps were used to obtain wall pressure signals. The
statistics of these signals were calculated digitally using
a minicomputer. The intermittency, average burst rate and
average burst period along with the auto and cross-spectral
densities were calculated for many test configurations.
Convection velocities were calculated from the longitudinal
cross-spectral densities.

The results obtained compare well with the measure-
ments of Blake [2] and DeMetz and Casarella [3]. Most of
the data showed no dependence on intermittency. The auto-
spectral densities varied with intermittency but this
variation was most likely due to an improper scaling along
with the effect of spatial averaging over the microphone.

The measurements were repeated with a single down-
stream facing step in the plate located just behind the
leading edge. The results were very much the same as for
the smooth case. The only noticeable changes were an
increase in the decay rate of the longitudinal cross-spectral

density magnitude and a decrease in the transition Reynolds

number.
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2. PROPERTIES OF THE TRANSITION REGION

In the flow past a structure, the laminar portion of
the boundary layer is usually considered passive in the
excitation of the structure. This includes the non-turbulent
portions of the transition region. However, turbulent spots
can contribute an appreciable amount of excitation and must
be considered. It is therefore important to be able to
predict the start and extent of the transition region as
well as its important statistical properties. The transition
process has received much attention in the past, but only a
small number of investigations have been done on the
statistics of theintermittent region. The present work was
concentrated in this area.

2.1 THE TRANSITION PROCESS

The natural process of transition to turbulent flow
over a flat plate begins with the instability of certain
small, random velocity fluctuations in the laminar flow.
Fluctuations with certain characteristics become unstable
and are known as Tollmien-Schlichting (T-0) waves. These
T-" waves soon develop a three dimensionality. This is
followed by vortex breakdown at regions of high localized
shear and finally the formation of turbulent spots at areas
of intense fluctuations. Turbulent spots (or bursts) are

characterized by their highly random velocity fluctuations

- —— M—
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and small scales of motion, much like a fully turbulent
boundary layer. Turbulent spots grow as they are convected
downstream and soon the entire boundary layer becomes
turbulent. Schubauer and Klebanoff [4] measured the size
and shape of a typical turbulent spot created by an electric
spark. Their findings are reproduced in Figure 2.1. This
figure shows the normal "arrowhead" shaped planform growing
at a half-angle of about 11°. It also shows a profile view
of the spot. Figure 2.2 is an idealized sketch of the
transition process taken from White [1]. Transition has
received much attention and is fairly well understood.
Hundreds of studies have been published on the many
interesting and often complex aspects of the transition
process.

Emmons [9] suggested that burst formation be modeled
with a source probability distribution. This method
requires that the probability of a turbulent spot forming
at a certainlocation be given by a probability distribution
in the streamwise coordinate. Dhawan and Narasimha [11]
have since shown experimentally, that burst formation
can best be modeled with a Dirac delta
function probability distribution. The location of the

delta function is usually called the transition point.
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Dhawan and Narasimha have also shown that the boundary layer
velocity profile in the burst region (as seen from a fixed
point) fluctuates between a Blasius profile between bursts
(originating at the leading edge) and a turbulent profile
during bursts (beginning at the transition point). Therefore,
the mean velocity is a time average of the laminar and
turbulent portions. This observation will be used later in
Chapter 4.

The characteristics of wall pressure fluctuations
are of interest because they are the exciting forces in
flow related structural vibrations. Typical time histories
of the wall pressure in the transition region are shown
in the oscillographs of Figure 2.3. A turbulent spot appears
as a high frequency, disordered burst in the otherwise quiet,
microphone signal. The downstream growth and convection
of the spots can also be seen in this figure. The lower
signal was taken at a position slightly downstream of that
for the upper signal. A turbulent spot in the upper trace
appears slightly larger and later in the corresponding
lower trace due to the growth and convection.

2.2 STATISTICAL PROPERTIES

The one most important statistical property of the

intermittent region is the intermittency factor, y. It
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Streamwise Microphone Separation

Lateral Microphone Separation

FIGURE 2.3 Time Histories of Intermittent Wall Pressure
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is defined as the fraction of time the flow exhibits a

turbulent nature at a certain point. This can be written:

Y

"
N~z

ti/T, (2.1)

i=1

where t,; are the lengths of the turbulent time periods, and
T is the total length of time. Since turbulent spots do

not have square profiles (see Figure 2.2), y varies with

vertical as well as horizontal position. Since the wall
pressure fluctuations are of interest, Yy will be defined
as the fraction of time the wall pressure exhibits a
turbulent nature, unless it is specified otherwise. Notice
that this is not the same as y defined by velocity
fluctuations near the wall because a certain amount of
averaging takes place in the pressure field over the
microphone. Obviously, y varies from 0 (laminar) at the
transition point to 1.0 (turbulent) at the start of the
fully turbulent boundary layer. It should be pointed out
that the ends of the transition region (y = 0, 1.0) are
difficult to locate accurately due to the random nature of
the transition process. Fair approximations can be made

using large averaging times.

Two other statistical properties of the wall

pressure in the transition region are the average burst
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frequency and the average burst period. These are defined
as the average frequency at which bursts appear and the
average duration of the bursts appearing at a point in the
transition region. The usual units are burst frequency in
bursts per second and burst period in seconds. It can be
easily demonstrated that of these three statistical
properties - intermittency, burst frequency and burst period
only two are independent, (i.e. burst period can be
calculated by dividing the intermittency by the burst
frequency) .

The spectral density of the wall pressure is an
important statistical property. It is very useful in
determining structural excitation. For a stationary,
randomly varying wall pressure, p(t), the autocorrelation

may be defined by:
R, (1) = E{p(t)p(t+ 1) ], (2.2)

(see Crandall and Mark [12]). Here E[ ] denotes an
ensemble average. Taking the Fourier transform of the
autocorrelation and dividing by 2n defines the spectral
density of p(t), ¢p(w):

op(w) = 511?] R, (1) e~10T 4., (2.3)

-

kst
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Defined in this manner the spectral density is a measure of
the frequency distribution of the energy in p(t). It

can be shown that Rp is an even function of t. Therefore

¢ (w) is an even,positive real function. It can also be shown

P
that the mean square pressure, pz(t) is equal to the area

under @p(w), or:

p (t) = J Op(w) dw. (2.4)

The spectral density is a good measure of the temporal
characteristics of the wall pressure. However, it provides
no information regarding the spatial variations. One method
of obtaining spatial information is to make two wall pressure
measurements simultaneously, and calculate the cross-spectral
density. This method was used by Blake [2], Bull [13],
Willmarth and Weoldridge [14] and others. For two wall
pressure signals separated by a vector distance, r, [p(X,t)

and p(x + r, t)] the cross-correlation may be defined by:
RP(E,T) = E[p(x,t)p(x + T, t+1)]. (2.5)

E[ ] again denotes an ensemble average, and p(x,t) and

p(x + ¥, t) must be stationary in time and spatially in the

plane of the wall. The cross-spectral density may now be i

defined by:
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¢p (Trw) = = L., np(?,r)e'i‘” ar. (2.6)

Since Rp(;,r) is not necessarily an even function, ¢(r,w) is
in general complex. It is usually presented as a magnitude
and a phase. The magnitude is a measure of the correlation
of the two signals at each frequency. The phase can serve
as a measure of the convection velocity of turbulent eddies.
If the separation, r is in the streamwise direction, the

convection velocity, Gc can be obtained from the relation:

Co(w) = wr/6 (w) (2.7)

where 6 (w) is the phase of the cross-spectral density.
Previous studies have indicated that turbulent spots
have many of the same characteristics as a fully turbulent
boundary layer. Velocity or wall pressure signals taken in
a turbulent spot show the high frequency, apparently random
fluctuations that are also found in a turbulent boundary
layer. DeMetz and Casarella [3] have shown that the wall
pressure spectral density in the intermittent region has
the same general characteristics as a turbulent layer,
although the magnitude is less because of the presence of .
non-turbulent regions in the flow. Cantwell, et al [7]

have shown that the boundary layer velocity profile in a

i
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turbulent spot contains a law of the wall reqion

and a wake region, just as is found in a turbulent boundary
layer. These observations seem to indicate that a turbulent
spot is essentially an isolated region of turbulence. It
would be helpful if some of the statistics in the inter-
mittent part of the boundary layer could be compared
directly to the turbulent data. This may be done if the
intermittent data is first corrected for the non-turbulent
portions of the flow. DeMetz and Casarella [3] have

shown that the following relationship holds for the mean
square wall pressure in a fully turbulent boundary laver,

B ey

P (t)ly=l' and the mean square wall pressure in an inter-

|

mittent boundary layer, p (t)|_:*

Y

l-.pz(t)l

s . (2.8)

¥
Combining equations (2.4) and (2.8) yields the relation:

1 G
°p‘“’)|y=1 7 @y (2.9)

*Notice that pz(t)lY is the mean square of the total pressure
signal, not just the turbulent part.
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Equation (2.9) allows the direct comparison of the turbulent

statistic, Op(w)lY=1 and the intermittent one, ¢p(w)ly.

s AN i .5 oAy R0 IR e 43
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3. EXPERIMENTAL EQUIPMENT AND DATA PROCESSING

3.1 EXPERIMENTAL FACILITY

The experiments were conducted in the MIT low-noise,
low-turbulence open circuit wind tunnel. This facility is
shown in Figure 3.1 and is described in detail in
Hanson [15]. It has a flow speed range of 20-50 m/s,
controlled by varying the speed of a DC motor driving the
blower. Since the work of Hanson, the tunnel has been
modified to improve its inherent freestream turbulence
and to further reduce noise. The settling chamber has
been extended and the number of turbulence reducing screens
has been doubled. Behind the screens holding the honey
comb flow straighener, there are six 16 x 18 mesh screens,
followed by two 48 mesh screens and a two foot settling
zone. Figure 3.2 shows the 1/3 octave band levels of the
free stream turbulence component u' obtained for various
tunnel speeds. Figure 3.3 shows the resulting percentage
turbulence level as a function of free stream velocity.

The turbulence level is approximately 0.05%. Tani [16]
and Spangler and Wells [17] have shown that reducing
free stream turbulence below this level does not change

the transiticn Reynolds number. The acoustic noise created

e ————————_ i - i e e
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by the tunnel has been reduced by the isolation of the
tunnel and blower, the installation of a muffler-diffuser
and the application of vibration damping and sound absorptive
material to the blower. The sound pressure spectrum levels
measured just outside the mixing zone in an open jet
configuration, are shown in Figure 3.4, for a free stream
velocity of 50 m/s. It is felt that the n&ise levels are
low enough, by comparison to Spangler and Wells, as to not
have an appreciable effect on transition. An open jet
configuration was used in order to allow some of the sound
generated to propagate into the blockhouse. The block-
house was airtight and completely lined with two inches
of polyurethane foam for sound absorption. This facility
has been used for boundary layer research in the past by
Blake [2], Martin [18], Shapiro [19] and Moeller [20].
3.2 TEST FIXTURE

Experiments were performed on a flat plate mounted
in the wind tunnel test section. The test section was
located immediately behind the contraction and just inside
the blockhouse. It was 15 inches (38 cm) square and 6 feet
(183 cm) long and was lined with smooth sound absorptive

material. It had movable walls for controlling the
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pressure gradient. The test section was also equipped with
a mechanical x-y traverse. This traverse was accurate
to 0.001 inch (0.025 mm) vertically and to 0.1 inch (0.25 cm)

horizontally. It was used to position a hot wire

or a pressure probe during the measurement of the mean flow
properties on the plate.

The test plate was 15 inches (38 cm) wide and 48 inches
(122 cm) long and was mounted horizontally in the test
section 5 inches (12.7 cm) above the bottom (see Figures 3.5
and 3.6). The plate was located below center to minimize the
secondary flow effects described by Shapiro [19]. The plate
was constructed as a composite sandwich to increase the
vibration damping (see Figure 3.7). The upper layer was
made of 0.25 inch (0.635 cm) aluminum tool and jig plate

to provide a flat, easy to polish, surface. The center layer

was made of a 0.125 inch (0.317 cm) thick sheet of visco-
elastic vibration-damping material (E-A-R C-1002, from E-A-R
Corporation, Westwood, Massachusetts). The lower layer

was made of 0.125 inch (0.317 cm) thick aluminum plate.

The whole sandwich was bonded together with a two-part
polyurethane adhesive, chosen for its high peel strength.
This construction technique was developed by Shapiro,

and resulted in a damping of 11 to 40% of critical damping
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(depending on temperature and frequency). The leading edge
of the plate was solid 0.50 inch (1.27 cm) thick tool
and jig plate machined into a 6:1 ellipse (see Figure 3.8).
This shape was chosen by Shapiro because of its
practical shape and lack of a strong pressure gradient |
which could cause premature transition. The pressure
transducers were flush mounted in two rotatable 3 inch
(7.62 cm) diameter disks (similar to DeMetz and Casarella's
[3])). Rotation of these disks allowed‘transducer
separationsof 0.275 to 5 inches (0.7 to 12.7 cm, see
Figure 3.5). The trailing edge was made of a thin splitter
plate, much like the one used by Shapiro, which
extended rearward to prevent coherent vortex shedding from
creating plate vibrations (see Figure 3.8).

The plate was assembled and the upper surface was
polished to a surface roughness of about 5y inches (0.127 microns)
RMS. It was then mounted in the test section and adjusted

to have a minimum pressure gradient. The variation in

pressure obtained over the length of the plate at a free
stream velocity of 35.8 m/s is shown in Figure 3.9. The
maximum variation was about 1% of the total head (excluding

the leading edge).




IGURE 3.8 Leading and Trailing Edges of Plate
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A series of flow visualizations were done to
investigate the effect of the transverse turbulence
contamination of the plate. Figure 3.10 shows the extent
of the contamination for a free stream velocity of 35.6 m/s.
During pressure measurements, the transducers were always
kept at least 0.48 inch (1.2 cm) from the edge of the
contaminated region to prevent false signals.

Some of the experiments were done in a "rough"
wall configuration. The roughness condition consisted of
a single, downstream facing step in the plate (see
Figure 3.11) 0.017 inch (0.043 cm) high, and 4.25 inches
(10.8 cm) downstream of the leading edge. This type of
roughness occurs often in structures at welds and other
seams. Tani [16] determined that for transition to occur
at such a roughness, the following expression should be

true:

826, - (3.1)

e

k

where k is the height of the step. In the present work

k = 0.022 inch (0.056 cm) for immediate transition.
Experiments were done at k = 0.017 inch

to investigate the characteristics of transition in the case

where it begins downstream of the step.

|
{
|
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P INSTRUMENTATION

The size of thé transition region (including the
starting point and the length) were measured using a
hot wire anemometer probe (Thermo-Systems Inc. probe model
1261-T1,5) with a Disa model 55005 battery powered,
constant temperature anemometer and a Disa model 555D15
linearizer. A schematic of this equipment is shown in
Figure 3.12. Static pressure measurements were made with
a static pressure tube and a Betz micromanometer. The
resolution of this micromanometer was 0.1 mm H,0. The free
stream velocity was monitored by measuring the pressure drop
across the wind tunnel contraction section with the
micromanometer. This provided a resolution of about 0.1 m/s.
A calibration was performed by Shapiro [19] to ensure an
accuracy of about 0.1 m/s.

Wall pressure fluctuations were measured using two
Bruel and Kjaer type 4138, 1/8 inch, phase matched condenser
microphones fitted with 1/32 inch pinhole caps. The
electronic circuitry is shown in Figure 3.13. Final
statistical calculations were made digitally using an
Interdata model M70 mini-computer in conjunction with a
two channel eight-bit analog to digital converter. The

digital calculations were made using the data acquisition

kil i s,
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FIGURE 3.13 Schematic of Electronic Circuitry
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computer program described below. This system provided a
frequency range of up to 25,000 Hz with a resolution of
1/256 of the maximum frequency. Phase matched amplifiers
and band pass filters were used to condition the signals
prior to analysis to gain the maximum signal to noise
ratio and prevent aliasing problems. A single channel
spectrum analyzer was used to detect signal contamination.

By placing tape over the pinhole microphones to
eliminate the turbulent pressure fluctuations, noise
from the equipment, from vortey shedding, and from vibrations
could be detected and dealt with. Figure 3.14 shows tvpical
spectra of the taped and untaped microphone signals. This
figure indicates that there is a substantial amount of noise
below 1000 hertz. This noise is mainly microphone noise, and
acoustic noise. Measurements were made with an accelerometer,
which indicated extremely low vibration levels. Also the
coherence between a pinhole microphone and an external
microphone was measured. These signals were not correlated,
indicating that vortex shedding was not a major problem.
Frequencies below 1000 Hz were not analyzed to avoid noise
contamination.

The calibration equipment is also shown in Figure 3.13.

A Ceneral Radio, model 1390-A random noise generator was used to
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FIGURE 3.14 Turbulent Pressure Spectra and Noise Floors
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provide a wide band calibration of the equipment chain. The
results of this test are shown in Figure 3.15. The equip-
ment sensitivity was determined using a Bruel and Kjaer
type 4220 pistonphone. This device provided a sinusoidal
pressure fluctuation of known magnitude at a frequency of
250 Hz. An RMS voltage measurement was made with a Bruel
and Kjaer type 2607 measuring amplifier. The sensitivities
were determined as channel A: -63.5dB re 1V/pa,
channel B: -65.4dB re 1lV/pa.

The microphones were tested for relative phase
match by Bruel and Kjaer Instruments Inc. on December 30, 1974.
The results are shown in Figure 3.16. The frequency response
of each microphone was also checked, using a Bruel and
Kjaer type 4133 1/2 inch condenser microphone as a
reference. The equipment schematic and results for this
test are given in Figures 3.17 and 3.18. A Helmholtz
resonance of the pinhole cavity was noticed at about 17,000 Hz.
Because of this resonance, the analysis was extended only up
to 13500 Hz.
3.4 DATA ACQUISITION AND PROCESSING

The data acquisition computer program was divided

into three major parts, (a listing can be found in Appendix A).
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é The first part was a data sampling and an analog to digital
conversion. Then a conditioning was done on the data to
determine its intermittent characteristics. The method
used was similar to that of Hedley and Keffer [21].
Finally, a spectral analysis was done on the conditioned
signal.

The conversion was done via two analog to digital

(A/D) converters with the subroutine CONVRT (written

by G. Holmes, see Appendix A). CONVRT read the A/D
converters at a rate equal to twice the maximum frequency
of interest to prevent aliasing. This data was stored in
a data array for furtlrer processing.

A conditioning was then done on the entire data
array. The signal was first squared and then differentiated
(using a central difference scheme). This magnified the

inherent differences between the laminar and turbulent

portions of the signal. The signal was then averaged over
successive small "smoothing intervals' to smooth out sharp fluc-
tuations. Finally, the conditioned signal was compared to

a predetermined "criterion level". The portions of time
that the conditioned signal was greater than the criterion
level were taken as turbulent spots. Since the character-

istics of the turbulent spots were of interest, the laminar




i S .

o

portions of the signal were set equal to zero. This reduced
the amount of non-turbulent signal present (i.e. Tollmien-
Schlichting waves, noise, etc.). This entire conditioning
process is shown schematically in Figure 3.19.

The conditioning process had two variables, smoothing
interval and criterion level. These variables were adjusted
so that small changes in them would not cause noticeable
changes in the resulting conditioned signal. Hedley and

Keffer [21] have shown that the burst rate is the statistic

L bl skl

most sensitive to changes in the conditioning of the signal.
Figures 3.20 and 3.21 show the effect of smoothing interval
and criterion level on the burst rate. Figure 3.22 shows

a typical raw signal with a "criterion function" superimposed
on it. The criterion function was equal to one during
turbulent spots and zero during the laminar portions of the
signal. This figure provides a good check of the signal
conditioning.

The final part of the data acquisition computer
program was to perform the statistical calculations. First
the intermittency function, burst rate and burst period were
calculated for the data array. Then a spectral analysis
similar to that of DeJong [22] was performed on the data

array.
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FIGURE 3.19 Siqgnal Conditioning Process. After Hedley and
Keffer [21]
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The spectral analysis involved calculating spectral
estimates from the random pressure signals. The theory
of random signal processing is well developed (see Bendat
and Piersol [ 23] or Oppenheim and Schafer [24]). The wall

pressure spectral density was defined in Chapter 2 by:

(&

o, (w) = f%'J Rp(t)e_indT, (2.3)
where Rp(r) was defined as:
R, (1) = Elp(t)p(t + 1)1, (2.2)

and p(t) must be stationary. If p(t) is also ergodic, (2.2)
may be replaced by:
T/2

P
(r) = 1li I (t)p(t + t)dt
Rp T+2¥ aip2 P P

= <p(t)p(t + 1)> (3.2)

(< > denotes a temporal average). The assumption of station-

arity is good if the statistics of the pressure signals do
not change over relatively long periods of time. Although
it cannot be rigorously proven, the signals were assumed to
be ergodic. This allowed the temporal average to be used,
which provided an easier calculation method. The Fourier
transform is used extensively in the analysis of random
signals. A useful approximation is the finite Fourier
transform: T

P(£,T) = I pl(t)e
o

=i2wft ge. (3.3)

ah
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P is a function of the integration interval, T and the
frequency, f (f = w/2n). p(t) must be stationary. If the
assumption of ergodicity is correct, the finite Fourier
transform and the temporal average may be used to calculate
the spectral density instead of equation (2.4).

¢,(£) = lim 2 gp(g,m % (3.4)

TWT

Notice that since the experimental frequency, £, is

being used,

o () = o= 0, () (3.5)

The finite Fourier transform may be approximated by the

sum:

“ N-1
P(£,T) = h I p(nh)e
n=o

-iannh' (3.6)

if the function p(t) is sampled N times with a time interval
h. Here T is equal to Nh. An efficient method of computing
this sum, is the fast Fourier transform, or FFT, developed
by Cooley and Tukey [25]. The FFT requires only 2N log, N
multiplications, instead of Nz, and provides the value of
§(f,T) at frequencies of fj = j/T. The FFT requires N to

be an integral power of 2 and the result may be written as:
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e 1> : N

Pj = Hp(fj’T)’ J=0’l,.-05 - lo (3.7)
An estimate of ¢p(f) may now be written as:

o = 2h |3 2 e, N

¢p(fj, - N .le ' J - 0'1,0007 - 1- (3-8)

Due to the randomness of the function p(t), the standard
exror of the estimate, ;p(fj) is 1. 1 sp(fj) is calculated
for a large number of data sets, the standard error may be
reduced to /I/M (where M is the number of data sets) by
taking the average, 3§(fj),of all the 5p(fj)‘s. We now

have:

M .

= 1
¢ o B A R .

or
M
L

i o B
ot _Mk17h|pj| ¢ 0 ®Bk,enig - L. (3.9)

If two random pressure signals, p(t) and q(t), are
sampled simultaneously, a joint spectral analysis may be

done using the theory of complex numbers. If a complex

number is defined as:
z(t) = p(t) + i q(t), {3.10)

Then a complex Fourier transform may be approximated by:

.213n
= N-1 TN
Zy = £ [p(nh) + i q(nh)]e '
n=o
j=0,1,...53-1 (3.11)

ki e CT——
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This relation now provides:

= B o ~ %
TE o
PJ > ( j zN-j)
and
R R N R (3.12)

where * denotes complex conjugate. ap(fi) and ¢q(fi) may
now be obtained from these relations and equation (3.8).

The cross-spectral density is defined as:

qé?,f) = éim E{P(£f,T)Q*(f,T)]. (3.13)

T 1s the vector between pressures p(t) and q(t).

ﬂéf,f) may be approximated by:

The standard error of %;?,fj)can be reduced by averaging,
as with °p‘

The data acquisition computer program performed
these complex FFT calculations, obtaining the pressure
spectral densities and the cross-spectral density. All
of the spectra were multiplied by 1/y to correct for the

intermittency. During the data acquisition M was set at
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250 so that the standard error was 6.3%. |
Another computer program was used to non-dimensiona-

lize and plot the spectral data and to calculate the

convection velocity. Both of these programs may be found

in Appendix A.
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4. DISCUSSION OF RESULTS

4.1 MEAN VELOCITY MEASUREMENTS

The characteristics of the mean velocity profiles in
the intermittent region are listed in Table 4.1 for various
flow speeds. 1In the intermittent region the boundary layer
had two distinct behaviors - laminar and turbulent. Dhawan
and Narasimha [11] have shown that mean velocity measurements
in this region result from time average over a laminar profile
and over a turbulent profile. They have also shown that a
very good approximation of the flow characteristics are
obtained by averaging a Blasius boundary layer with a 1/7 power
law turbulent boundary layer. However, a virtual origin at
the transition point must be used for the turbulent boundary
layer. Figure 4.1 shows a typical mean velocity profile that
we measured in the intermittent region. A law of the wall
profile and a Blasius profile are also shown for comparison.

The measured displacement thickness, §*, can be

expressed by:

6% = y6& + (1 - y)éF Fe

*
m L

where Gi is the displacement thickness of the Blasius boundary
layer and 65 is that for the turbulent layer. A similar
expression can be written for the coefficient of skin friction,
Cf 1

m Cfm =N’CfL 4 (l-Y)CfT. (4.2)

Since it is the behavior of the flow in the turbulent spots

ke o0
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TABLE 4.1
* 3
Velocity x|y=0.01 xlyso.99 (x=0.31?) {x=0.91m)
(m/s) (m) (m) Eq. . Eq. 4.3
(m)
Smooth Condition
36.0 0.41 1.09 1.22 3.65
37.6 0.36 1.02 1.32 3.56
38.3 .33 0.94 1.37 3.51
39.0 0.30 0.89 1.43 3.47
39.5 0.28 0.81 1.47 3.44
40.0 0.25 0.76 1.53 3.41
40.5 0.23 0.71 1.56 3.38
44.5 0.20 0.66 1.60 3.30
45.0 0.18 0.63 1.64 3.28
45.5 0.17 0.62 1.65 3.27
Rough Condition

22.0 0.64 1.07 0.77 4.49
22.5 0.61 1.02 0.84 4.38
23.0 0.57 0.99 0.94 4.26
24.0 0.39 0.94 1.34 3.90
25.0 0.29 0.79 1.55 3.75 s
25.5 0.25 0.71 1.63 3.69 ;
26.0 0.23 0.64 1.66 3.66
26.5 0.20 0.53 172 3.62
29.0 0.17 0.33 1.76 3.53

29.5 0.15 0.30 1.80 3.51
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Region
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that 1s ot interest, 6; and CfT are the desired parameters.
Measurements of skin friction were not made, but Ceq Was
determined from the approximate formula:

Cep = 0.455/tn?(0.06 Re(x-x,), (4.3)
(white [1]). The Reynolds number is based on (x—xt) since
a virtual origin at the transition point (xt) was assumed.
The actual transition point was not located precisely, but
it was approximately determined as the point at which the
intermittency was 0.01. The hot wire anemometer and an
oscilloscope were used to locate this point.

6; and em were determined using trapezoidal rule

integrations of the integrals in their definitions,

6 —
b _ u(y)
s* Jo [1 -ﬁf—]dy (4.4)
and
5w s 2l (4.5
- Ob: Um & .)

where § is the boundary layer thickness. 5£ was determined

using the following formula from Blasius' theory:

Gi = 1.7208x//R.ex . (4.6)

6; was then calculated using equation 4.1. For this cal-
culation, Y was measured using the data acquisition

computer program with the hot wire probe again placed

a distance of about 46; above the plate. 6% was also calculated

using the approximation:
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- 6/7
Re = 0.018 Re
6; (A-xt)

’ (4.7)

(White [1]). The measured values of 6; are plotted in
Figure 4.2 against those calculated from equation 4.7.

4.2 MEAN PRESSURE MEASUREMENTS

Table 4.2 gives a summary of the mean and intermittent
characteristics of the wall pressure field. The extent of
transition on the test plate is shown in Figure 4.3. The
variation of intermittency with Reynolds number (based on
x, the distance from the leading edge of the plate) is shown
for both the smooth and rough conditions. Recall that in
the rough condition, the test plate had a 0.015 inch
(0.381 mm) high two dimensional reverse step located 4.25
inches (10.8 cm) behind the leading edge.

In both cases, the variation of intermittency is in
the form of a Gaussian integral curve. Similar results
have been found experimentally by Schubauer and Klebanoff [4]
and DeMetz and Casarella [3] and analytically by Emmons [9].
The effect of the roughness was to reduce the transition
Reynolds number from about 2 x 10° to 1.2 x 10°.

The non-dimensional burst frequency (fB*) is plotted
against intermittency in Figures 4.4 and 4.5. Theoretical
results and the experimental result of Farabee, et al [10]

are also shown. The theoretical results were obtained by
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TABLE 4.2
Velocity X fB T
Run No. Y B
(m/s) (m) Bursts
(-—séT:—-) (msec)
Smooth Condition

3606 36.0 0.91 0.062 73.2 0.85
3824 38.3 0.91 0.245 60.8 4.03
3825 37.6 0.91 0.254 214.0 1.19
3940 39.0 0.91 0.399 73.7 5.42
3864 38.3 0.91 0.644 69.9 9.22

4069 39.5 0.91 0.688 66.3 10.4

4089 39.5 0.91 0.894 32.2 27.8

4076 40.5 0.91 0.765 64.4 11.9
4499 44.5 0.91 1.000 0.316 3160

4599A 45.0 0.91 0.997 1.50 665
3818 37.6 0.91 0.184 48.7 3.78
3922 39.0 0.90 0.218 52.3 4.16
3840 38.3 0.91 0.397 71.1 5.58
4041 39.5 0.90 0.406 70.8 5.74
3954 39.0 0.91 0.539 77.4 6.96
4046 40.0 0.90 0.464 L9 6.46

4078 40.0 0.91 0.775 59.2 1351
4065 40.5 0.990 0.652 76.7 8.50

4599B 45.0 0.91 0.998 1.18 843

4699 45.5 0.90 0.996 2.53 394

Rough Condition

2219 22.0 0.91 0.188 43.7 4.31
2322 23.0 0.91 0.219 46.7 4.70
2326 23.0 0.91 0.260 56.0 4.65
2435 24.0 0.91 0.354 70.8 4.94
2440 24.0 0.91 0.401 76.7 5.23
2441 24.5 0.91 0.405 86.1 4.71
2570 25.0 0.91 0.701 81.4 8.62
2670 25.5 0.91 0.698 72.1 9.67
2999A 29.0 0.91 0.996 5+ L3 197
3099 29.5 0.91 0.993 7.90 126
2225 22.5 0.91 0.247 55.4 4.46
2325 23,0 0.90 0.251 51.5 4.88
2448 24.0 0.91 0.475 80.4 5.91
2639 25.5 0.90 0.389 76.7 5.07
2562 25.0 0.91 0.624 84.9 1+35
2652 26.0 0.90 0.525 82.8 6.34
2685 26.0 0.91 0.847 53.7 15.8
2674 25.5 0.90 0.734 70.9 10.4
2999B 29.0 0.91 0.989 9.24 10.7
2690 26.5 0.90 0.905 38.9 233
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applying Emmons' [9] theory to two different source rate
density functions. 1In Figure 4.4 a line source density
function was assumed and a constant source density function
was used in Figure 4.5. In the constant case, the source
density function was constant downstream of the transition
point, but was set to zero upstream. In the line source
case Dirac's delta function was used as the source rate
function. The delta function was centered on the transition
point. The non-dimensionalization was done as in Farabee, et
al. For the line source:

U

= oo
fB* = fB/n tana Ao¥ ¢ (4.8)

and for the constant source:

(U ]2/3

fB* = fB/g tano lagw ’ (4.9)

where fB is the burst frequency, n is the line source density
and g is the uniform source density. The burst growth angle
is a and o* is a non-dimensional parameter defined by,

Uu_ u

o¥ 2ol tana . (4.10)
Uy U

where UQ is the velocity of the leading edge of the burst,

U, is the trailing edge velocity and,

Ug = UQ — Ut . (4.11)
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The numerical values for UZ' Ut and a were taken from

Schubauer

and Klebanoff [4] (see Figure 2.1).

If a line source function is used in Emmons' model

of the intermittent region, the following relations are

obtained,
iy g 1
£* = 21 Y) in (g (4.12)
and
AXT
A fB* = 0.420 fB —_— (4.13)
Uoo
where
L x| (4.14)

The use of a constant source function gives the relations:

x

fB* = 8,722 J nexp[3.035(n3-§3)]dn, (4.15)
o
and
A
fB* = 0.412 fg — . (4.16)
UG)
where
S
X = — (4.17)
AXT
Equations 4.12, 4.13, 4.15 and 4.16 are obtained in Appendix B.
Equations 4.12 and 4.15 were used to obtain the theoretical
curves in Figures 4.4 and 4.5. The experimental results were

scaled using equations 4.13 and 4.16.
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The burst rate measurements of Farabee, et al [10]
compare well with the present results for the smooth plate.
The rough plate results are higher than the smooth case, but
this is most likely due to inaccuracies in the measurement
of AXp- The burst rates were measured with the pin-hole
microphones and AXp was measured with the hot wire anemometer
at a later time. If the source-rate function changed during
this time, the measured value of AXq, would be in error.

The theoretical curve of Figure 4.4 (line source model)
has approximately the same shape as the measured results
but its magnitude is too high. Emmons [9] points out that
this theory will predict higher burst rates than are measured.
When two bursts are separated by a very small laminar region,
a transducer may only detect one burst whereas the theory
will count two separate burst. (This is due to the smoothing
in the data acquisition computer program.) If two or more
burstsoverlap, the theory treats them as a single burst and
uses the period of the larger burst. However, if the bursts do
not completely overlap, the observed period is somewhat
longer than this. These effects tend to make the theoretical
burst rate higher than the observed rate. A basic assumption
in Emmons' theory is that the turbulent spots are completely
independent of each other. This assumption is not totally

correct but seems to be a good approximation, since strong




-74-

burst interaction would change the shape of the curve in
Figure 4.4.

The mean square pressure ratio (B?IY/;?(Y=1) is
plotted against intermittency in Figure 4.6. The mean square
pressure ratio is defined as the ratio of the total mean
square pressure to the mean square of the turbulent portion
only. If the laminar portions of the intermittent signal
do not contribute to the mean square pressure then the

following relation from Section 2.2 must be true:

2

P |Y=1

2

p?| 3.2 (2.8)

-
Y

The mean square pressure ratip must then be equal to y. Due

to noise and laminar pressure fluctuati.ons (e.g. T-S waves)

the mean square pressure ratio was higher than y when Yy

was less than about 0.6. The difference increased for

smaller Yy because of the greater amount of laminar signal.

4.3 STATISTICS OF PRESSURE FLUCTUATIONS

The wall pressure spectral densities for the smooth
and rough conditions are shown in Figures 4.7 and 4.8. The
spectral density was non dimensionalized by Uw/q25$Y, where
g is the total head (1/2 pU2), and the frequency was scaled
by Gg/Um. Results of Blake [ 2] and Willmarth and Wooldridge
[14] for fully turbulent boundary layers are shown for

comparison. The spectral density is shown for
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several values of intermittency (Y), ranging from 0.06 to
0.99. Each curve has been faired through 201 data points.

The maximum scatter in the data was 1 dB. The figures show
that the magnitude of the wall pressure spectral density
increased by about 10 dB as Y varied from 0.99 to 0.06. The
results of Blake and Willmarth and Wooldridge are about 3 dB
below the y = 0.99 case. These variations in magnitude are
most likely due to an improper scaling of the spectral density.
In the frequency range of the present measurements (0.2 <
wd,;,/U°° < 5) the wall shear stress of the turbulent part of

the flow (TwT) is a better parameter than q because it is
related to the flow behavior near the wall, where the pressure
sources are located (see Blake). Figure 4.9 shows the wall
pressure spectra, rescaled by Uw/rwéS;Y along with the results
of Blake. A much better collapse of the results is achieved.

The turbulent wall shear stress was calculated using

TwT ' 0.455
C = = ' (4.3)

£T 2
L X s
q n“(0.06Re (x-xtl)

(Wwhite [1]).

The low intermittency results are not shown in
Figure 4.9 because equation 4.3 does not give accurate results
if X=X, is small. This equation was originally obtained for
fully turbulent boundary layers and is not accurate at low

Reynolds numbers. Also, the error in (x—xt) was large when
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X. was near Xx

¢ due to the inaccuracy in Xy . The transition
point (actually x/y=o.01) was measured after the pressure
fluctuations were measured so that slight changes in the flow
characteristics could have caused appreciable errors in Xy -
The spectra in Figures 4.7 and 4.8 roll off faster
at the low intermittencies than at the higher values. This
is due to the effect of spatial averaging. The reduced
frequency (m&%/Um) at which spatial averaging is important
depends on the ratio d/8%, where d is the microphone pinhole
diameter. The ratio d/6§ is given for each curve in the
figures. The lower intermittency cases had larger values of
d/&% so that their spectra roll off at lower reduced frequencies

than for the higher intermittencies. In Figure 4.8, 4d/§*

varies from 0.48 to 0.99 and the change in the roll-off

frequency is most noticable.

The wall pressure convection velocities for the
smooth and rough conditions are shown in Figures 4.10 and
4.11. Each curve in these figures has been faired through :

201 data points, all taken at a specified intermittency. The

gcatter in the data for each curve was about 10%. The fully |
turbulent results from Blake [2] and Bull [13] are shown
for comparison. The agreement with the phase convection
ties of Blake is good. This is to be expected since a
Landwiath was used, whereas Bull's group velocities

w ! with a 1/3 octave filter. These results

—
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indicate that convection velocity does not depend on inter-
mittency and that the single roughness has no effect. The
y=0.19 curve in Figure 4.11 goes only to wé*/U_ = 1.0. This
is because the magnitude of the wall pressure spectrum dropped
abruptly above this frequency and the convection velocity
could not be calculated.

Figures 4.12 and 4.13 show the normalized longi-
tudinal cross-spectral density magnitudes of wall pressure
for the smooth and rough conditions. Again the curves in
these figures have been faired through 201 data poihts. The
scatter in the data was about 10%. The cross-spectral density
magnitude was divided by the spectral density and the
frequency was non-dimensionalized by rs/Uc,where rg is the
streamwise microphone separation and U, is the phase convection
velocity. These curves show the coherence in the pre-
ssure field versus the microphone separation in wave length
units. The results of Blake [2] and Willmarth and Wooldridge
[14] are shown for comparison. Our results do not indicate
any dependence on intermittency. However, the curves are
slightly lower than the results of Blake and Willmarth and
Wooldridge. This difference can best be explained by the
fact that in the intermittent region, a turbulent spot will
not cover both microphones all of the time. Thus, for part

of the time one microphone will have a laminar signal while
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the other has a turbulent signal (see Figure 2.3). This
reduces the magnitude of the cross-spectral density. The
results for the rough wall were similar to those for the
smooth wall, but decayed 1.5 times faster. Blake's rough
wall curve decayed much faster but it was for a more severe
roughness condition.

The normalized lateral cross-spectral density
magnitudes of the wall pressure for the smooth and rough
conditions are shown in Figures 4.14 and 4.15. The results
for the fully turbulent boundary layers of Blake [2] and
Bull [13] are also shown. The vertical bars show the maximum
variation in the data for all intermittencies measured.
Measurements were made at five values of intermittency for
each figure ranging from 0.28 to 0.99. There were no
variations in the magnitude which could be attributed to
changes in intermittency. These results compare well with

the results of Blake and Bull.
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5. CONCLUSIONS

Measurements of the statistics of the wall pressure
fluctuations in the intermittent region of a viscous boundary
layer on a flat plate have been presented. They were found
to be similar to the results obtained in the fully turbulent
region by Blake [2], Bull [13], Willmarth and Wooldridge [14]
and others. When properly scaled, the statistics agreed with
the results cited in previous reports for the fully turbulent
region (to experimental accuracy). The wall pressure spectral
densities did not all collapse to the same curve, but this
was due to the inaccurate determination of the wall shear
stress and the effect of spatial averaging over the microphone

pinhole. The wall shear stress is essential to the correct

scaling of the spectral density. The reduced frequency
(mG%/Um) at which spatial averaging becomes important depends
on the ratio of the microphone pinhole diameter to the tur-
bulent boundary layer displacement thickness. The similarities

in the properties of turbulent spots and turbulent boundary
layers seem to indicate that the underlying physical phenomenon

is the same in each case.

The structural excitation due to the intermittent 3

region of a boundary layer may therefore be determined by
using results for fully turbulent layers if the effect of *

the intermittency is accounted for. The location of the

e = v wicni il colibvinan o . ST
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transition point and the variation of intermittency must
be estimated first. These calculations should include the
influence of surface roughness, free stream turbulence and
other external effects. The variations in intermittency
measured here were found to be similar to previous analytical
and experimental results (Emmons [9], DeMetz and Casarella [3]
and Schubauer and Klebanoff [4]).
The burst frequency was also measured and the
results agreed well with the previous measurements of
Farabee et. al. [10]. However, the burst rate computed with
an Emmons type spot growth model was shown to be inaccurate.
When a small, two dimensional, downstream facing
step was put in the plate near the leading edge, most of
the statistics of the pressure field did not change. The
only exception was the longitudinal cross-spectral density
magnitude. With the step in place this function showed &out a
L5 times faster decay. The step also decreased the trans-

b ¢0 1.2 x 10°

ition Reynolds number from about 2 x 10
(based on x).

Further studies of the intermittent region of the
boundary layer are warranted. The study of surface roughness
effects should be extended to include several types of two

and three dimensional roughnesses commonly found in marine

and aircraft structures (i.e. seams and rivets).




Y

i e An improvement of Emmons' [9]theory to account fully for
i
overlapping burstsin the computation of the burst rate and

burst period would be valuable. Precise measurements of

the turbulent wall shear stress in the intermittent region
would also be useful. This would aid in the prediction of

the wall shear stress for low Reynolds numbers.
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APPENDIX A

COMPUTER PROGRAM LISTINGS

Ae1 DATA AQUISITION PRISRAY (FIORTRAW CDODE)

CONDITIONALLY AVERAGED ZRNSS-SPECTRAL DENSITY PROGRAM

THIS PROSRAM IS DESISNED TD SAMPLE DATA AND THEN
CONDITIDNALLY REJECT DR KEEP THE DATA DEPENOINS OV 1§
PRESET TRIGGERING LEVEL.

CHANNEL Y IS THE TRISSER IN TWO CHANNEL YODE, AND
CHANNELS X AND Y ARE THEN INPUT INTH THE CRISS-SPECIRAL!
ANALYSIS PROGRAY JDF RICI DEJONG.

JUTPUT INZLUDSS THE RYS BEFOJRE AYD AFTER CONDITIDNVING,
AND THE CROSS-SPECTRAL JUTPIT FOR CPLOT.

THIS IS VERSION E NIV 77 CHARLES SEDNFY

IMPLICIT INTESER®*2 (I-N)

DINSNSION PSX(256),PSY(256),20(256),Q0AD(255),TAB(256)
DIMENSIOIN SENS(2),G0NIN(2),SCALEX(2),NDATA(2,512)
DIMENSION RMS(2),CRMS(?),RMSRAT(2),DRMS(2),3AND(2)
DIMENSION SQRN(2),SQRN(2),DJMMY(4),IDATA(2,204%)

DATA SENS,SATIN,3AND/)¢J,040,040,7.0,0.0,15330./

DAT\ ISAMP,NSAMP,MSAMP/2248,512,514/

DATA NDEV,N3TITS,NOUT/6,3,2557

DATA FREQ,SMO,AVE/1533).,21.9,25)./

INITIALIZE

CALL PRIV
CALL SINTAB(TAB,NBITS)

11 WRITE(NDEV,12)

12 FORMAT(® CERTAIN VARIABLES ARE PRESET®,/,°* TO ACCEPI, HIT RETURN®,
1 /,°* TO MIDIFY, TYPE NEW VALUES®,/)

SENS(1)=0.)

100 CONTINUE
WRITE(NDEV,101)SENS,SAIN

101 FORMAT(® SENSITIVITY(C(,Y) AND GAIN(X,Y) (DR) (SENS-RE 1V/REF)
1°/71% ,4F10.5)
READ(NDEV,102)(DUNMY(T),I=1,4)

102 FORYAT(4F1I.2)
IF(DUYNY(1)eEQ.J.0)530 1) 110
DO 103 I=1,2
J=[+2
SENS(I)=DUMNMY(I)

103 SAIN(CI)=DOYNY())
30 TO 190

11C WRITE(NDEV,111)FREQ,BAND
111 FORNAT(® MAX FREQ LO=-DUTPUT BANNS=HI (HZ)°*,/,1X,3F10.1)
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READ(NDEV,112)(OUMNY(T),I=1,3)
112 FORIAT(3F1D0.2)
IF(DUNMY(1).EQ.).0) SO IO 113
FREX=DUYNY( 1)
BAND( 1) =DUMMY(2)
BAND(2)=DUMNY(3)
350 10 110
113 INTVL=IFIX(J.2E)7/FREQ+).5)
FREQ=0.2EQ7/FLOT(INTVL)

(@]

IRIS=).D
120 ARITE(NDEV,121)IRIG |
121 FORMAT(®* TRISSERINS LEVEL (YREF/MIZROSEZ)*/1KX,F10,5) f
READ(NDEV,122)DJIN¥Y(1)
122 FORYAT(F1).5)
; [F(DUYMY(1).EQ.).D) SO TO 123
‘ TRIS=DUNNY(1)

30 1o 120
123 ZONTINDE
JSAYP=ISAMP
: 14C WRITE(NDEV,141)SHD
j 141 FORMAT(® SMIOTHING INTERVAL®,/,1X,FR8.,0,° SAYPLES®)

READ(NDEV,142) DUM¥Y(1)
| 142 FORMAT(F10.5)
TE(DUYYY(1) .EQ.2.0) 30 IO 143
S¥I=DUYMY (1)
ISHI=(IFIR(SND)/2)*2¢1
SNO=FLOAT(ISNO)
30 o 149
143 ISYI=IFIX(SNO)
TRIS=TRIG*TRIS*SMO*1),2¢(GATN(2)/10.)*10,**(SENS(2)/1).)/FRED/
AFRE)*2.58419E12
KSHO=(I3HD+1) /2
ISYI=JISANP-KSYI-1
LSAMP=JSYO-KS¥Je1
KS\YP=JISANP-1

(9]

150 WRITE(NDEV,151) AVE

151 FORMAT(1X,F10.2,° AVERASES®)
READ(NDEV,152)D0MNY(1)

152 FORYAT(F19.5)
IF(DUMMY(1).EQ.J).0) 50 Ir0 153
AVE=DUMMY (1)

G0 TO 150
153 LINIT=IFIX(AVE)

il St i i e

WRITE(NDEV,160)

160 FORNAT(®* FOR INTERMITTANCY INLY, TYPE 0°,/,
1 ®* TOR SPECTRAL AYALYSIS, TYPE 1°)
READ(NDEV,1S1)IFFT

161 FORNAT(I)

)

WRITE(NDEV,17))

170 FORNAT(® TYPE 1 TO MODIFY VARIABLES*,/,
1 °* TYPE 0 TO START SAMPLING®)
READ(NDEV,171) ID

171 FORMAT(IV)

|
i
|
{
1
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IF(ID.NE.O) GD ™D 13D

CLEAR JUTPUT ARRAYS
0 1001 I=1,NO0T
PSX(I)=1.E-3)
PSY(I)=1,E-30

SAUI) =1.E-N
QUAD(T)=1.E-39
SAYTOT=)0.)

09 1032 I=1,2
RAS(I)=0.0
DRNS(T1)=0.0
cRN3(I)=92.)
[CIUNT=)

BURST=).D

MAIN AVERAGING LJOP

AXK=0,)

ICOUNT=ICOUNT #1
IFCICOUNT.ST.LIVIT)3O T2 1220
00 1004 I=1,2

SORN(I)=0.0

SRY(I)=0,.D

AVERASING LJOJP FOR OATA COLLECTION

IGAN=)
ITER=D
LERR=)

READ DATA

CALL CONVRT (IDATA,J,ISANP,INTVL,LERR)
IF(LERR?91,1103,91
CONTINJUE
WRITE(NDEV,1102)LERR
FORYAT(® A/D FAILED®,I2))
S0 Iro 1509

CALL UNPACK(IDATA,ISAYP)
DO 210 I=1,2

NSUN=),)

D0 200 J=1,ISANP
NSUM=NSUN+IDATA(I,J)/ISANP
DI 210 J=1,ISAYP
IDATA(I,J)=IDATA(CI,J)-NSUN
IFL3=1

DEFINE INTERMITTANCY FUNCTION

DO 1112 J=KS54%),JSYD

ODETEX=D.0

00 1139 I=1,ISY)

§=2J=-KSHI+I+1

IDIF=IDATA(2,M+1) /u~IDATR(2,%=1)/0
DIFFYsFLOAT(IDIF)




1109

R AT N v, TRy P e

1110
111

1105
1112

Oaaon

1115

1121
1122

2¢230)

1123

1124
~

(4

€00

1128

DIFFY=DIFFY*DIFFY
DETEX=DETEK+OIFFY

CONTINQE
IF(DETEX.LT.TRIZ)SO T9 1111
IF(IFLG.LT,1)BURST=BURSP+1,0
IFLS=1

ISAY=IGAN

DO 1110 I=1,2
ADAT=FLOAT(IDATA(I,)))
SORY(I)=SQRN(I)+ADAT*ADAT
CONTIRUE

SO0 ro 1112

IFLS=0

DO 1135 I=9,2
AOAT=FLOAT(IDATA(I,]))
SIRN(I)=SQRN(I)+ADAT*ADAT
IDATA(I,J)=).D

CONTINUE

CONTINUE

IS DATA ARRAY FILLED ?

KEND=KSHO+NSAYP-1

D3 1115 1I=4,2

DJ 1115 J=KSY)J,(END
JJI=]-KSHO+1
NDATA(I,J)J)=IDATA(I,])
AKK=AKK+1.0

ITER=ITER+1
IF(IGAY.GE.¥SAYP)S0 I'0 1123
IFCITER.ST.130)30 TI 1121
S0 TO 1101
WRITE(NDEV,1122)

FORNAT(® SAMHR TOD LON®)
30 To 1500

FIND CONTIONAL RHS RATIIS

SAN=FLOAT(IGAN)

SAMTOT=3SAN+GANTOT

SANP=LSAHMP*ITER

DO 1124 I=1,2
RNS(I)=(SQRN(I)+SIRN(I))/SAYP+RNS(T)
CRNS(I)=SQRM(I)/SANM+ZRNS(I)
DRES(I)=SQRN(I)/(SANP-SAN+1,E=-30)+DRUS(I)
IF((SANP=GAN) «LE.J.D)DRYIS(I)=0.)

CONTINUE

IFCIFFT.NE.0)30 I'D 1125
30 TO 12303
CALCULATE FOORIER TRANSFORM AND ADD TD RESOLTS

AEISHT=(SANP/(SA\N#+1.,E=3)))**,25

CALL FFTC(NDATA,TAB,NBITS,1)

CALL CFS (NDATA(Y,1),.X1)

CALL CPS(NDATA(2,1),Y1)
PSX(1)=PSX(1)*3.*X1*X1*WEIGNT*VWEISHT
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aaan

(200

1126

%200
1201

1202
1233
1204

1205
1206
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PSY(1)=PSY(1)+U ,*Y1*Y1*JETSHT*HEISHT
CO(1)=CI(1)+U.*Y1*X1*HEIGHT*WNEISHT
DO 1126 J=2,NO0U0T

CALL CFS(NDATA(1,J3),X1)

CALL ZFS(NDATA(2,J),Y1)

JJI=qSANP-]

SALL CFS(NDATA(1,3J),X2)

CALL CFS(NDATA(2,3)),Y2)
KR=(X1¢X2)*dEISIT
XI=(Y1-Y2)*WEIS4T
YR=(Y1¢Y2)*WEISHT
YI=(X2-X1)*WEI34T

PSX(J)=PSX(J) +XR*XR¢XI*KI
PSY(J)=PSY(J)¢YI*YReYI*YI
CO(J)=CI(I)+YR*CR+YI*XI
QUADCI)=QUAD(JI)-YR*KI+YI*¥R

sJ Iro 103

INTERYITTANCY O7TPUT

WRITE(NDEV,1201)

FORMAT(® |43 (LAN,TORB,TOTAL)*)
FACTR=,2001525/32RT(AVE)

DO 1202 I=1,2
RNSC(I)=SQRT(RMS(I))*FACTR
CRUS(I)=SQRT(CRYS(I))*FACTR
DRMS(I)=SQRT(DRYS(I))*FACTR
RASRAT(I)=CRYS(IL)/DRNS(I)
ARITE(NDEV,1223)DRNS(I),CRNS(Y),RNS(T)
FORMAT(1X,3F10.5)
SAMIOT=FLOAT(LSANP)*AKK
SAM=GANTOT/SANTOT

WRITE(NDEV, 1204)

FORMAT(" RYS RATIO(X,Y) GAMMA®)
WRITE(NDEV,1203)RMSRAT(1) ,RESRAT(2),GANM
BURATE=BURST*FREQ*2./SAMTIOT
BURPER=GAM/(BURATE+1,E-30)
IF(BURATE.EQ¢0.0)BURPER=D.0
WRITE(NDEV,1205)

FORSAT("® AVE BURST RATE, PERIOD®)
WRITE(NDEV,1206)BURATE,3URPER
FORMAT(1X,2E12.3,° (SEC)*)

RETURN TO BESINNING IO RESET VARIABLES
IF(IFFT.EQ.0) 3) T0 100

QUTPUT FOR SPECTRAL ANALYSIS SECTION
SALCULATE SCALING FACTORS
FAK=S,*5,.*256.
SCALE=4.30294*ALOS(FAK/(FREQ*AVE))
SCALEX(1)=SCALE=-SENS(1)=3AIN(1)

SCALEX(2)=SCALE-SERS(2)-GAIN(2)
SCALE=).S5*(SCALER( 1) +STALEX(2))
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PRINTED OUTPUT DR PUNCHED TAPE ?

MO0

1300 WRITE(NDEY,1301) ,
1301 FORMAT(® CHOOSE PRYNI(DS),PINCH(I1),RESTART(0D),STOP(-1)"°) 4
READ(NDEV,1302) IZH
1302 FORMAT(I2)
IF(ICH.EQ0.0) G) TD 10
IF(ICH.LT.D) 32 Id 1500
NRITE(NDEV,1323)
1303 FORMAT(® FREQ PSD-X PSD-Y CPSD-XY PHASE CIHER®,/)
DF=FRED/255.
SL=IFIX(BAND(1)/DF+1.5)
NJ=IFIX(BAND(2)/DF+1.5)
IF(NU.GT.NOOT)ND=NOUT
DY 1304 I=NL,NJ
FR=DF*FLOAT(I~-1)
PSKOUT=4,34294*ALOG(PSX(T))+SCALEX(1)
PSYJUT=3,34294*ALOG(PSY(I))+SCALEX(2)
XMAS=CO(I)*CO(I)+QUAD(I)*Q0AD(I)
COHER=XYAG/(PSX(I)*PSY(I))
KNAS=2, 17947 *ALIS(XIAS+1.E-30)+SCALE
PA=ATAN2(J0AD(I),CO(I))*57.29578
1304 WRITE(ICH,1305)FR,PSXO0T,PSYOUT, XNAS,PH,ZIRER
1305 FORMAT(1X,F6.0,4F7,.1,F5.2)
30 ro 1300

JQUIT PROGRAN

€00

1500 CONTINDE
STIP
END

A2 DATA AJQUISITIDC SORPRISRANS (INRTERDATA ASSEMBLY C9DE)

*SUBROUTINE UNPACK
*LRSULENTS RDATA DATA ARRAY
* NSANP NO. SAMPLES
*JYPACK CONVERTS STORASE OF NOATA FRO® BYTE TO HALFWORD FORM
INTRY ONPACK
ONPACK STN RX,SAYE SAVE RESISIERS
LH NDATA,2(15) FETCH ADDRESSES
LA NSAHMP,Q(415)
LH NSAMP,O(NSANP) LOAD CONSTANT
*3ET 3DINTERS
AHR NSAMP,NSAMP NSANP=NSANP*2
SIS RSA%P,1
LHR SID,NDATA
AR SID,NSANP
AHR SSANP,NSAHNP

etttk




LHR TOP,NDATA
AHR TIOP,NSAYP
*JNPACK DATA
LJJP L8 TEMP,I(MID)
X8R reEve,TEYP
SI'H TEMP,0(TIP)
SIS TroP,2 BLIP POINTERS
SIS 91D,1
CLHR TOP,NDATA
3NL L)Oe
LM R{,SAVE RESTIRE RESISTERS
3 §(15) RETURN
SAVE DS 1)
R¢C EQJ 11
NDATA EQU 11
NSAMP EQU 12
NID EQJ 13
TP EQU 14
rzvP €20 15
IND
ENTRY PRIV
CALL PRIV TO ALLOW I/D INSTRUCTIONS PRIV NEEDS TO BE CZALLED ONLY
INCE PER PROGRAM(MAINLINE) EXECUTION, BUT™ ADDTTTYONAL CALLS DPIN°T YOURT

ASSUYES FORTRAN CALL S) R11 + 14 ZAB 8E BASHED

* % & ® 0

PRIV L1 14,X°3C* GET JLD SVC ) PARMS
LHI 11,PRG SET POINTER TJ PR3

STH 11,X°9C°

SVC 2,0 SWAP PSH°S

P35 STH 14,X°*3C* RESTORF JOLD

B 2(15) RETURN

END

TITLE UNPACK DATA FRONM ADZ

ENTRY UPSANMP

* UPSAMP(IA,NSANP)
« IA IS INTEGER*2 ARRAY FROM CNVRT
* NSAYP IS NUMBER JOF DATA SAMPLEZ iAXEN
* DATA IS UYPACKED TO ARRAY FIRXEAT (2,NSAwP
UPSAMP STY 8,RSA'Z

LH N,4(15)

LR N,J(Y)

LH AADR,2(15)

L4R Y,N

AHR AADR,N

LHR BADR,AADR

A4R BADR,N

LIS rid,2

SHR BADR,THD

SHR AADR,TdD

LHI L1,L)9

LIS FOUR,4
L)1 138 DY,0(AADR)

LB D2,1(AADR)

EXBR 01,01

SXBR D2,02

SI'4 D1,-2(BADR)

e ol Rl e ot oo aiaL o s by
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Srd 22,0(BADR)
SHR AADR,TdD
S4R 3ADR,FO0OR
SHR N,TH)

3PR L1 i
LY 8,RSAVE
AH 15,0(15)
38 1§

SAVE DS 16
EQU 8

ADR EQO 3
ADR EQU 10

JUR EQU 12
Y EQ) 13

2 EQI 18

1 EQJ) 15
aND

R.3 SUBPROSRAN °CONVRT® (INTERDAPA ASSEMSLY CODE)

rerg AR R A X EERE R X ] S‘HPLE AID ca"tgrgn A XZEZXE S XN
ENTRY CONVRP (A,YCHAY,¥SAYP,PERIDD,LERR)
FORPRAN CALLABLE SJ3RDJUTINE
A IS INTESER*2 A(2,YSANDP/2) ARRA OF DATA (NCHAN=0)
INTSSR*2 A(N3AYP/2) IF NZHAN NOT ZERD
PERIOD IS INTESER SIVING NUSBER OF NICROSECONDS BETWEEN CONVERSTONS
NSAYP IS NUMBER OF -ONVERSIOINS T) RE YADE
LERR IS LOSICAL VARIABLE
RETURNED TRUZ IF ERJIR I°URS, ELSE .FALSS.
NCHAN IS CHANNEL TD SAMPLE
3 BOTH CHARYELS, FIRST DATA #ILL BE SHAVNEL A
1 CHANNEL A ONLY
2 CAMNNEL 8 ONLY
EVERY CONVERSION TAKES OUP JYE BYTE OF SPATE
QUTPUT DAFA IS BIPLDAR, (8 3IT SIGNED SCALED FRACTION)
%V RT SYN O,RSAVE
LHI 11,X°20° SET UP ZOYNAYD
LIS 10,1 TWO BYTES PER SANPLE
LA 12,2(15) SET ADDRESS JF ARGS
LHR 3,12 SET BESINNINSG OD DAPA AREA
LH 13,0(13) 3ET NCHAY
32S BOTH DOING BOTH CHANNELS
JHR 11,13 OR IN CHANNEL RINBSR
JMI 11,2 TORK OF ONE CHAYNEL MODE
LIS 13,) ONE BITE PER SAYPLE

BI)TH EQU *

LB 19,0(18) SET WSAWP
SLH1 14,0(1)) RULTIPLY BY LENGTH OF ITEM
AHR 12,10
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AIS 12,1 GET END OF SUFFER

LHR 4,12 SET END OF DATA AREN

L4I 1,Xx*s56°

JC 1,STOP STMOP I FIRST

LH 12,0(15)

SIS 12,1

dHR 1,12

LIS 12,)

EPSR 23,12 FORCE O STATUS, SAVE OLD SMATUS
JCR 1,11 OUTPUT START COMMAND

RBR 1,3 READ THE OATA

EPSR 12,0 RESTIRE ILI STATUS, SAVE ERROR FLAS
32 1,STIP STIP IT ASAIN

LHR 12,12 TEST ERROR

3ZS 2K

L3S 12,1 -1 = FORTRAN .TROE., O=.FALSE,
¢ LW 15,RSAVE+3)

ta 15,13(15)

SITH 12,3(15) STORE SRROR PRRAMTER

LY O,RSAVE RETURN TY FORTRAN PROGRAN

AR 15,0(15)

3R 15

STJdP DB X*1)°
28

RSAVE DS 32
aND

LI PRESSURE STATISTIZS PLOTTING PROSRAM (FORTRAN CODE)

PRCSRAN T PLOT THE WALL PRISSURE SPATISTICS MEASURED IN A BOUNDARY LAYFR

THIS PROGRAM INPUTS POWER AYD CROSS SPECTRAL DENSITIES FRO™
THE DATA AQUISITION PROSRAM, NIV~DIVENSIINALIZ2ES THEY AND
PLOTS THENM.

€2¢2€2€2¢200)

INTEGER*2 XL,ID
DINENSION ARRAY(2,6,201),XS(4) ,XL(4)),ID(8),A(11,201),RET(2)
1,ROUGH(2) ,NVAR(1Y)
LOSICAL NVAR
DATA ROUSH /345%9,3HRO0/
DEFINS FILE 19(20,12590,J,%RP)
0) 5 [=1,11
S NVAR(I)=,FALSE.
INPUT DATA
SENERAL
READ(8,10)NRUNS
10 FORNAT(TI3)
00 190 ITr=1,NRUVS
: < TAPE DATA

0o
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READ(8,20)(ID(L),L=1,8),NRP,LIC,NPLOT ,NPR,NYAYX,LR
20 FORYAT(SR2/617) e :
TEST CONDITIONS '
READ(8,30)US,UL,RS,RL,DS,DPH,TS,GANS
30 FORNAT(SF10.3) »
FIN) DATA
S0 ro (ud%,100),L9C
DATA ON FILE (ASCII)
40 DI 60 X=1,2
READ(C12,50)C(ARRAY(X,1,)),I=1,6),T=1,8MAX)
READ(B,5S)((ARRAY(K,I,]),T=1,6),)=1,NNMAY)
S50 FORSAT(1X,F7.0,4F7.1,F6.2)
SS FORMAT(1Y,F7.0,4F7.1,F5.2)
§C CINTINUE
CALCULATE DENSITY 5
R3=-0,0023*TS+1,352
STATISTICAL CALULATIONS

INITIALIZE
HPH=113
BRCH=),2
LFLAG=D
2S=R0*US*US*0.5
RSOJ=RS/0S
RLOU=RL/0L
RSOUP=RSOU*57.23578
DSOU=DS/US
PSDIMN=0.0795798/D500/QS/QS/SQRT(SANS)

SPEZTRAL CALCULATIONS
IFCARRAY(1,5,1).LE.D.0)3RCH=BRCH+35).)
IF(ARRAY(1,5,1)-ARRAY(1,5,2).5F.DPH)LFLAS=1
DO 90 J=1,YMAX
J1=J+1
J22J+42
W=ARRAY(1,1,]))*5,28319

ADD 2 PI TO PHASE FIR EACH BRANCH OF ARCTAN CROSSED
ARRAY(1,5,7)=ARRAY(1,5,))+8RCH
ADD ANDTHER 2 PI If CROSSING A BRANCH -
BRCH=BRCH+350.)*FLOAT(LFLAS) .
LFLAG=D ;
IF(J.SE.N¥AX=-2)30 TDO 70
TEST FOR BRANCH .
IFCARRAY(1,5,J1)-ARRAY(1,5,)2).3E.DPH )LFLAG=9 ;
IFCARRAY(1,5,32)-ARRAY(1,5,71)e3E.DPH )LFLAG=-1 3
CALCULATE NON-DIMENSIONAL STATISTICS AND ERRIRS
70 AC1,J)=0*RSDOUP/ARRAY(1,5,])
A(2,J)=0*DSO0D
A(3,J)=W*RSOU/A(1,J)
A(4,J)=R*RLOU/A(Y,D) E
DJ BO K=1,2
Ni=K+4
N2=K+6
ARRAY(K,2,))=0.5*CARRAY(K,2,J)+ARRAY(K,3,]))
A(N1,J)=22.0*(ARRAY(K,3,))-ABRAY(K,2,J))
A(N2,7)=210.**((ARRAY(K,4%,J) -ARRAY(X,2,]) Y/713.0)
80 CONTINUE
A(9,J)=10.0*ALISI10(10.**(ARRAY(1,2,7)/710.0)*PSDIN)
AC10,T)=ARRAY(1,1,))




(2]

($]

(8]
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A(11,])=ARRAY(1,5,))

9C ZONTINUE

WRITE NON-DIMENSIONAL SPECTRA IV FLIPPY DISK (BIN)
dRITEC10°NRP) ((A(T,T]),T=1,11),3=1,NMAX)
32 12 110

READ NONDIMENSIINAL SPECTRA FROM FLOPPY DISK (BIN)

120 READC1I*NRP)((ACI,J),I=1,11),T=1,NN0)X)

PRINT NJMBERS ON LP ?

110 30 TO (120,15)),NPR

120 W@RITE(5,130)(T>(L),L=1,3),05,RS,IS,RD,DS,UL,RL,RIOUSH(LR)

13C FORMAT(1H1,802/712X, UIN? SFP.",T33,°TFYP JENS DELST
1°/* (STR)°®*,4X,5810.3/° (LAT)*,UX,2E10,3/10X,A3)
dRITE(S,140) ((ACI,T),TI=1,11),]=1,N4AX)

140 FORMAT(*O 9C/71) W.D3/0°,T28,°W.,/NC*,TuU3, *ERROR PHT(R)/PH
1I(4) PHI(W) FREDQ PHASE®*/* (STR) (STR) (3TR)
2(LAT) (STR) (LAT) (STR) (LAT) (NON-DINM) (HZ) (DE3)*/

3(F3.4,3F9.3,F5.1,F7.1,2F3.4,F8,.1,2F12.1))
MAKE PLOTS
150 IF(NPLIT.S2.9)3) T2 190

D3 155 J)="PH NYAX

A(1,0)=3,

A(3,J)=0.

V(4,0)=).,
155 ZONTINIZ

0D 1825 IP=1,NPLIOT

READ(3,150)NV IS NY XS, (L
160 FORYAT(3I7,4F7.)740A2)

D3 170 L=1,3

XL(L)=I%(L)
17C CONTINUE

NVAR(NV)=,TRUOE,

CALL PICTR(A,11,XL,XS,NVAR,VNAY,¥X,-1,1004,IS,FT,1)

NVAR(NV)=,.FALSE.

PAUSE
18C CONTINUF
190 CONTINUE

CALL EXIT

END




-106-

APPENDIX B

CALCULATION OF THE THEORETICAL INTERMITTENCY
AND BURST RATE FUNCTIONS

Emmons [9] derived the following relations for the

intermittency and burst rate at point P(x,y) on a flat plate.

Y(P) = 1—exp[-f g(P,)dv ] (B.1)
R
£.(P) f ?re [f (P') av'ld (B.2)
P) = expl - P! v' |dv B.
. R At s R' e LG

where the point P, is in the "retrograde cone" R and the
point Pé is in the "truncated cone" R' in the (x,y.t)
coordinate system (see Figure B.1l). g(Po) is the source
rate probability density function and At is the duration of
the burst at point P.

The integrals in egquation B.l and B.2 can be
solved if the volume element dVo is written (assuming a

triangular burst shape),

P 7
dVO = m’ (x xo) dxol (B.3)
U_u_
where, o* = =12 tana , (B.4)
Uz”t

scn U PR—




Retrograde -

Cone, R

o] Truncated
Cone, R'

-LOT~

Zone of dependence of point p
(microphone location)
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FIGURE B.1 Rectrograde and Truncated Cones Shown in the x,y,t, Coordinate }
System After Emmons [9]. (A Triangular Turbulent Spot Shape i

is Assumed).
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U = freestream velocity,
U, = leading edge velocity of bursts,

U = trailing edge velocity of bursts,

-
= half angle of spread of bursts,
U el o P
and g ) e

dvo can also be written in terms of At ,
dvo = Atdxodyo . (B.5)

Case 1l: Line Source

The first assumed form of g(Po) is Dirac's Delta

function,

g(P,) = né(x, = %) (B.6)

where n is the number of sources per unit length per unit
time along the line X = X, . Substitution into equation B.1l
yields,

Y(B) = 1 - expl- B (x - x)?%) . (8.7)

The inner integral in equation B.2 becomes,

(X

(6] a*» 2
Jo n5(x;- x) e (x = x3) dx =

n e (x - %) Hixg - %) . (B.8)
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Where the Heaviside function, H(x) is used since the value
of this integral strongly depends on the relative locations

of X and X¢+ Equation B.2 becomes

(o}
(B.9)
X y+d no* 2
fB = f I nd(xo - xt)exp[- T ix - X)) H(Xo - xt)]dyodxo
o ‘y-d L
where d = (X - xo) tana (B.10)
Solving the integrals in equation B.9 gives
no¥ 2
fg = 2ntana(x-x, )exp[- - (X-x%,)7] . (B.11)

(- J
The nondimensionalization of fB is done as in Farabee et. al
[10]:

U
fB* - fB/n tana| —— . (B.12)
no*

Combining equations B.7, B.ll and B.12 yields,

£5* = 2 /?1-y)1n(1§7) (4.12)
and
£5* = 0.420 £ AX,/U, . (4.13)

Case 2: Constant Source

The second form of g(P,) is a constant for o = %
o (X, < x,)
o t

g(po) = {g (xo ->- xt) (8013)

S i st v it
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Equation B.l now becomes,
®
y(P) = 1 - expl- %%— (x - xt)3]

and B.2 becomes

2(% o* 3,33
fy = 2tana g X, Io "exP[iﬁg AXp " (n7-x ) ]Jan
X- X
where X = e
AXp
and 8Xp = Xlyo0.99 = Xlyo0.01

Combining B.14 and B.1l7 yields,

U(D

AXp = 1.45 3 IR
go

Rewriting equation B.15,

U, 2/3 (x
fg = 8.72 gtana (—) [
go*

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

4 nexp[3.04(n3-§?)]dn.

Nondimensionalizing fj again as in Farabee et. al. [10],

UQ
fB* = fB/gtana (-——)2/3 .

go*

(B.20)

Combining equations B.18, B.19 and B.20 gives the desired

relations,

. = 3 <3
fg* = 8.72 nexp[3.04(n"-X") ]Jdn
o

(4.15)
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and

f5* = 0.412 £, ax_/U_

g (4.16)




